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Abstract 

We study whether orbifold models are equivalently rewritten into torus models in the 
case of fermionic string theories. It is pointed out that symmetric orbifold models cannot 
be rewritten into torus models in the case of fermionic string theories because of the 
absence of twist-untwist intertwining currents on the orbifold models. We present a list 
of current algebras on asymmetric Zjv-orbifold models of type II superstring theories 
with inner automorphisms of Lie algebra lattices of the An series. It turns out that 
whether an asymmetric orbifold model is rewritten into a torus model depends on the 
specific choice of a momentum lattice and an inner automorphism of the lattice. 



Various methods have been used to construct four-dimensional string models. How- 
ever, the relationship between different methods has not been so fully understood. 
One of the examples showing such relationship between different constructions is the 
torus-orbifold equivalence iii bosonic string theories. If the Zjv-transformation 

of an orbifold model is an inner automorphism of the momentum lattice, then the Z^- 
transformation is equivalent to a shift on the lattice. The orbifold model associated 
with a shift is equivalent to a torus model in the case of bosonic string theorie^. In 
this paper, we shall investigate whether orbifold models are equivalently rewritten into 
torus models in the case of fermionic (i.e. heterotic or type II) string theories, which 
has not been studied in detail before. 

We shall define the fermion currents on an orbifold model as the currents of the Kac- 
Moody algebra generated by the NSR fermions on the orbifold model. Such fermion 
currents will generate a Kac-Moody algebra which contain the SOil^ Kac- Moody alge- 
bra generated by the transverse space-time NSR fermions in the light-cone gauge. On 
the other hand, fermions on a torus model are all NSR fermions and will generate an 
<S'0(8) Kac-Moody algebra in the light-cone gauge. Thus, the necessary condition for 
the orbifold model to be rewritten into a torus model is that the fermion currents on 
the orbifold model should generate an 5'(9(8) Kac-Moody algebra and it turns out that 
this is also the sufficient condition for the orbifold model with an inner automorphism 
of the momentum lattice to be rewritten into a torus model. 

It should be noted that, in order for the fermion currents on an orbifold model 

to generate an S'0(8) Kac-Moody algebra, it is necessary to exist the twist-untwist 

intertwining currents which convert untwisted string states to twisted ones in the 

orbifold model. The reason for this is that, in each twisted or untwisted sector, the 

unbroken Kac-Moody algebra generated by the fermions on the orbifold model is always 

smaller than the 5*0 (8) algebra generated by the fermions on a torus model. Therefore, 

symmetric orbifold models cannot be rewritten into torus models in the case of fermionic 

string theories since there is no twist-untwist intertwining current on symmetric orbifold 

models. In the following, we will construct asymmetric Z^v-orbifold models of type II 

"'^ Examples which suggest strongly the torus-orbifold equivalence with outer automorphisms of the 
momentum lattices are discussed in ref. in the case of bosonic string theories. 
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superstring theories with inner automorphisms of Lie algebra lattices of the An series 
and investigate whether such asymmetric orbifold models could equivalently be rewritten 
into torus models. 

In the construction of an orbifold model, we start with a 6-dimensional torus com- 
pactification of type II superstring theories which is specified by a (6 + 6)-dimensional 
even self-dual lattice T^'^ [l^. The left- and right-moving momentum {p\,p^ii) {i = 



1, . . . , 6) lies on the lattice F^'^. Let ghe a. group element which generates a cyclic group 
Zn. The g is defined to act on the left- and right-moving string coordinate {Xl,X}^) 
(* = 1,...,6) by 

g:{XlXl,)^{U}^XlUiiXi,), (1) 

where Ul and Ur are rotation matrices which satisfy = = 1. The g acts on 
the left-movers and the right-movers differently. The ZAr-transformation must be an 
automorphism of the lattice F^'^, i.e., 

{Uhl U'iP^) G F^'^ for all {if^,p),) E T^''. (2) 

The action of the operator g on the left- and right-moving fermions on the orbifold is 
given hy Ul and Ur rotations, respectively. 

Let us consider the (7^-twisted sector in which strings close up to the f^^-action. We de- 
note the eigenvalues of Ul and ?7|. by {e*^'^^^, e"*^'"'^; a = 1, 2, 3} and {e^'^^^R, e~*^'"'«; a = 
1,2,3}, respectively. Let A'^ be the minimum positive integer such that {g^)^' = 1. The 
necessary conditions for one-loop modular invariance are for A'^ even 

3 

NeY.^l = ^ mod 2, (3) 

a=l 
3 

^^E4 = mod 2, (4) 

a=l 

A{Ul' ) Vl - PRiUa' rp'R = mod 2 (5) 

for all € F^'®; for Ni odd, there is no condition for one- loop modular invariance 

01 . These are called the left-right level matching conditions and it has been proved that 
these are also sufficient conditions for one-loop modular invariance |12| . 
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Suppose that the ZTv-transformation is an inner automorphism of the momentum 
lattice. Then, it can be shown that the ^TV-transformation is equivalent to a shift as 
follows 0: Let us consider the ^f^-sector (the untwisted sector for £ = and the twisted 
sector for i = l,...,N~l). Since the rank of the unbroken current algebra in each 
sector is equal to the dimension of the orbifold, we can always construct the ZTv-invariant 
operators P'l{z) and P'^{z) (z = 1, . . . , 6) such that 

g{P'i{z),P'^{-z))g-' = {P'l{z),PUz)), (6) 

and 

P'j\w)P'l{z) = + (regular terms), (7) 

[w — Z)'^ 

PR{w)P'i^{z) = _ + (regular terms), (8) 

where g is the operator which generates the Zjy-transformation in the ^'^-sector. It 
follows from (^ and (^) that P'l{z) and P^{z) can be expanded as 

P'liz)^td,X'liz)^J2<^-''-'^ (9) 

neZ 

P'^iz) ^ zd,X'^i-z) = a%^-z—\ (10) 

with 

["Lm,«Ln] = m6'^Sm+nfl, (H) 
Wkm, (^Rn\ = m6'^6m+n,0, (12) 

where a^o = p'l (^ro — Pr- Since P'l{z) and -Pr(^) are invariant under the Zjq- 
transformation, the string coordinate in the new basis transforms as 

g{X'l{z),X'},{-z))g'' = (X'^z) + 27rvl, X'^iz) - 27rv^^), (13) 

for some constant vector {v\^, v\j). This implies that the string coordinate {X'l{z), X'^{z)) 
in the (/^-sector obeys the following boundary condition: 

{X'i{e^'''z),X'^{e~^'''z)) = {X'i{z) + 2nivi, X'^{z) - 2niv'fi) + (torus shift), (14) 
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and hence that the eigenvalues of the momentum {p'l,p'}i) in the new basis are of the 
form 

{plp'h)eT''' + e{viyj,). (15) 

Since the lattice F^'^ is self-dual, the shift vector (fi,f)j) must satisfy 

N{vlv'^)er''', (16) 

iivlv'n)^^''' {e=h---,N-l). (17) 

We may bosonize the fermions on the orbifold. The GSO projected left- and right- 
moving NSR fermions are represented by the bosons (p\^{z) and (p^pii^) ~ 1) ■ ■ ■ )4), 
respectively. The momentum (pi,]?/?) of the bosons each lies on the weight lattice of 
5*0(8). The momentum in the vector conjugacy class corresponds to the state in the NS 
sector. The momentum in the spinor or conjugate spinor conjugacy class corresponds to 
the state in the R sector. We denote the eigenvalues of Ul and Ur as {e*^'^''^^, e"*^'^''^^; a = 
1,2,3} and {e*^'^'»«, e~*^'^^«; a = 1,2,3}, respectively. The ZTv-transformation acts on 
0^(z) and 0^(^) as a shift: 

g{<Pi{z),^U^))g-' = {c^i{z) + 2nvl^'j,{z)-27rv'R), (18) 

where the shift vector (f^,fy are given by 

^i = (0,a), (19) 

^^ = (0,G)- (20) 

Thereby, the eigenvalues of the momentum (pi,P/j) in the ^f^-sector are shifted from the 
ones in the untwisted sector by the constant vector i{vj^,vy). 
In this bosonized form, the operator g will be given by 

g = exp[z27r(p'>i - p'^^ + p^v^ - p*^t;^)] , (21) 

where is a constant phase with (?7(£))^ = 1. The phase ?7(^) is determined in exactly 
the same way as in ref. by one-loop modular invariance: 
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Every physical state must obey the condition g = 1 because it must be invariant under 
the ZTv-transformation. Thus, the allowed momentum eigenvalues {p'1,p'}i-,P^liP^r) of the 
physical states in the g'^-sector must satisfy the following condition: 

+ + modi. (23) 

We may now discuss the asymmetric ZAr-orbifold models with inner automorphisms 
of Lie algebra lattices of the An series. We take the lattice F^'^ of an asymmetric 
^AT-orbifold model to be of the form: 



■^6,6 



{{pI,pWl,Pr^^\p\-Pr^^}. (24) 



where A is a 6-dimensional lattice and A* is the dual lattice of A. It turns out that 
r^'^ is Lorentzian even self-dual if A is even integral. In the following, we will take A 



in eq. (|2^ to be the products of root lattices of An algebras with the squared length 



of the root vectors normalized to two [|T^. The left- and right-rotation matrices of 



the ^TV-transformation in eq. (|T]) are taken from the Weyl group elements of the root 
lattices of the An algebras. Then it is easy to see that such a ZAr-transformation is an 
automorphism of the lattice F^'^ in eq. (p^) . 

The conjugacy classes of the Weyl groups of all simple Lie algebras have been clas- 
sified in ref. [|14|. In the following, we will give the results concerning the conjugacy 



classes of the Weyl groups of Lie algebras of the An series. We may use the orthonormal 
basis {ei]i = 1, ... ,n+l} to describe the roots of the An algebra. Then the roots of the 
An algebra is given by {±(ej — e^)}. In this basis, any element of the Weyl group of the 
An algebra is given by a permutation of the n + 1 basis vectors. This permutation can 
be expressed as a product of the disjoint cyclic permutations of the basis vectors. Let 
[mi,m2, . . .] be the structure of such cyclic permutations. Then there is a one-to-one 
correspondence between the structures of the cyclic permutations and the conjugacy 
classes of the Weyl group elements. Hereafter we shall call [mi,m2, . . .] the cycle- type 
of the automorphism of the Lie algebra lattice of the An series. 

Although the left- and right-rotations of the ZAr-transformations in eq. (|I|) can be 
defined for arbitrary elements of the Weyl groups, the conditions (||), (|) and (H) for 
the modular invariance put severe restrictions on the allowed left- and right-rotations 
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of the Zjv-transformations. All the models we have to consider are shown in table 1. 
The root lattice A associated with the momentum lattice F^'^ in eq. (^4]) is given in 
the second column of table 1. The left- and right-moving cycle-tj^es Cl and Cr of the 
automorphism of the momentum lattice are given in the third and fourth columns of 
table 1, respectively. 

Now we will investigate fermion currents on the asymmetric ^Tv-orbifold models listed 
in table 1 in order to study whether such orbifold models are equivalently rewritten into 
torus models in the case of fermionic string theories. However, it is not easy in general 
to examine current algebras on fermionic string theories due to the (generalized) GSO 
projections. Then we may use the bosonic string map [1T3I and investigate current 
algebras on the corresponding bosonic string models. In the case of four-dimensional 
string models, the bosonic string map works as follows: The light-cone 5*0(2) Kac- 
Moody algebra generated by the NSR fermions in the fermionic string theory is replaced 
by an 5*0(10) x £"§ Kac-Moody algebra in the bosonic string theory. This is done in such 
a way that the 50(2) Kac-Moody characters of the fermionic string theory are mapped 
to the 5*0(10) X i?8 Kac-Moody characters of the bosonic string theory preserving the 
modular transformation properties of the Kac-Moody characters. Under this map, the 
gravitino state (i.e. the space-time supercharges) in the fermionic string theory becomes 
a set of operators of conformal weight one transforming as a spinor of the 50(10) in 
the bosonic string theory. Then it can be shown that, in the bosonic string theory, 
these operators of weight one should extend the 5*0(10) Kac-Moody algebra to one of 
the exceptional algebras of i?6, and iJg |16[- the corresponding bosonic string 
models, we can easily see that the orbifold models must be asymmetric in order to 
possess twist-untwist intertwining currents. The reason for this is that the left- and 
right- conformal weights, h and of the ground states of any twisted sector are both 
positive and equal in the case of the symmetric orbifold models. 

Using the bosonic string map, we investigate the fermion currents on the asymmetric 
orbifold models listed in table 1. It should be noted that we must investigate the 
full current algebras on the orbifold models which possess twist-untwist intertwining 
currents in order to determine fermion currents on the orbifold models. The results are 
summarized in table 2. The fermion currents and Fr in the left- and right-moving 
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degrees of freedom are given in the first and second columns of table 2, respectively. The 
numbers of space-time supercharges and Nr from the left- and right-moving degrees 
of freedom are given in the third and fourth columns of table 2, respectively. The left- 
and right- moving remaining current algebras Gl and Gr of the asymmetric orbifold 
models are given in the fifth and sixth columns of table 2, respectively. The model 
numbers of the corresponding asymmetric orbifold models are given in the last column 
of table 2. In order for an asymmetric orbifold model to be rewritten into a torus model, 
it is necessary that both the left- and right-moving fermion currents Fl and Fr should 
generate the SO{S) Kac-Moody algebras. In fact, this is also the sufficient condition for 
the asymmetric orbifold model with the inner automorphism of the momentum lattice 
to be rewritten into a torus model since the remaining current algebras Gl and Gr 
can be constructed in terms of the string coordinate on the 6-dimensional torus whose 
momentum lies on the lattice determined by the physical momentum of the asymmetric 
orbifold models. 

We have discussed whether orbifold models are equivalently rewritten into torus mod- 
els in the case of fermionic string theories and presented a list of fermion currents on 
asymmetric ZAr-orbifold models of type II superstring theories with inner automophisms 
of Lie algebra lattices of the An series. We have found that some of the asymmet- 
ric orbifold models can be rewritten into torus models owing to the existence of the 
twist-untwist intertwining currents and that whether an asymmetric orbifold model is 
rewritten into a torus model depends on the specific choice of the momentum lattice 
and an inner automorphism of the lattice. These results in the fermionic string theories 
differ entirely from the ones in the bosonic string theories because all the symmetric and 
asymmetric bosonic orbifold models with inner automorphisms of momentum lattices 
can equivalently be rewritten into the torus models. 

It will be straightforward to apply our analysis to lictcrotic string theories. On the 
other hand, it would be of interest to classify all asymmetric ZAr-orbifold models of type 
II superstring theories with inner automorphisms of the momentum lattices. Work in 
this direction is in progress and will be reported elsewhere. 

The author would like to thank Dr. M. Sakamoto for reading the manuscript and 
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Table 1: Asymmetric Zjv-orbifold models with inner automorphisms of Lie algebra 
lattices of the An series. A denotes the root lattice associated with the momentum 
lattice. Cl and Cr denote the left- and right-moving cycle- types of the automorphism 
of the momentum lattice, respectively, where semicolons separate the direct products of 
the lattices. 



AT 

No. 


A 


Cl 


Cr 


1 


A A A i i 

A2X Ai X Ai X Ai X Ai 


[I'- 1'- 1'- 1'- 1'] 


T irt -1 9 -1 9 -1 9 -1 9n 

[3; 12; 12; 12; 12] 

r-, Q -1 9 -1 91 

[13; 3; 12; 12] 


2 


A2 X A2 X Ai X Ai 


r-, Q Q ^ 9 -,91 

[13; 13; 12; 12] 


3 


A2 X A2 X Ai X Ai 


[13; 13; 12; 12] 

r-i q -.9 9n 

[1,3; 


To -1 9 -1 91 

[3; 3; 12; 12] 


4 


A2 X A2 X Ai X Ai 


To -1 -1 9 -1 9n 

[3; 13; 12; 12] 


5 


A A A A 

A2 X A2 X Ai X Ai 


[1,3; P; 12] 


To -1 9 -1 9l 

[3; 3; 12; 12] 


6 


AAA 

X ^2 X A2 


r-i 3 -1 3 -1 31 
[P; 13; 13] 


[13; 13; 3] 

[13; 3; 3] 


7 


^42 X ^42 X A2 


Ti 3 1 3 1 31 
[13; 13; 13] 

Ti 3 -1 3 ol 

[1,1,3] 


8 


AAA 
^2 X ^2 X ^2 


ri 3 1 31 

[1 ,3; 13] 
[13; 3; 3] 


9 


A2 X A2 X A2 


ri3 i3 ol 
[13; 13; 3] 


10 


A2 X A2 X A2 


[13; 13; 13] 
[13; 13; 3] 
[13; 13; 3] 


[3; 3; 3] 


11 


^42 X A2 X A2 


[3; 3; l3] 


12 


^42 X ^42 X A2 


[3; 3; 3] 

rq. 1 3. Ql 

[3, 1 , 3] 


1 Q 


A2 X A2 X A2 


[1 ,3,3] 


14 


A2X A2X A2 


[13; 3; 3] 

[1^2; 12; 12] 


[3; 3; 3] 


15 


A-iX Aix Aix Ai 


[3,1; 12; 12; 12] 


16 


A3 X ^42 X Ai 


[1^ 1^ 1^] 


[1^3; 12] 


17 


^43 X ^42 X Ai 


[1^ 13; 12] 


[3,1; 13; 12] 


18 


A3 X ^2 X Ai 


[1^ 1^ 1'] 

[1^3; 12] 


[3,1; 3; 12] 


19 


A^x A2X Ai 


[3,1; 1^2] 


20 


A3 X A2 X Ai 


[1^3; 12] 


[3,1; 3; 12] 


21 


A3 X A2 X Ai 


[3,1; 13; 12] 


[3,1; 3; 12] 
[1^3,1] 


22 


A3 X A3 


[1^ A 


23 


A3 X A3 


[l\ 1^] 


[3,1; 3,1] 


24 


A3 X A3 


[1^3,1] 


[3,1; 11 


25 


A3 X A3 


[1^3,1] 

[1M2;12] 


[3,1; 3,1] 
[3, 12; 12; 12] 


26 


A4 X Ai X Ai 


27 


A4 X Ai X Ai 


[1^ 1^ 1^] 


[5; 12; 12] 


28 


A4 X Ai X Ai 


[3, 12; 12; 12] 


[5; 1^; 1^1 



Table 1: (continued) 



No. 


A 


Cl 


Cr 


29 


A4 X A2 


ii';i'l 

L ' J 


[15; 3] 


30 


X A2 


L ' J 

[15; 13] 

L ' J 


[3, 11 11 

L ' ' J 


31 


A4 X A2 


[3,113] 


32 


A4 X A2 


[15; 31 

L ' J 


[3, 12; 13] 


33 


A4 X A2 


[15; 31 


[3. 12; 3] 


34 


A4 X A2 


[15; 131 


[5; 13] 


35 


A4 X A2 


[15; 131 
L ' J 

[15; 31 


[5:3] 

L ' J 


36 


A4 X A2 


[5; 13] 


37 


A4 X A2 


15; 31 


[5; 3] 
[3, 11 3] 


38 


A4 X A2 


[3, 12; 13] 


39 


A4 X A2 


[3, 12; 13] 

L ' ' J 


[5; 13] 

L ' J 


40 


A4 X A2 


[3, 12; 13] 
[3, 12; 3] 


[5; 3] 

L ' J 


41 


A4 X ^2 


[5; 13] 

L * J 


42 


A4 X A2 


3, 12; 31 


[5; 31 

L ' J 


43 


X A2 


[5; 13] 


[5; 3] 

L ' J 

[3, H 11 


44 


A5 X Ai 


[i';i'l 


45 


A5 X Ai 


[1'; I'l 


[3,3;l2] 


46 


A5 X Ai 


[16; 12] 


[5,1; 11 

L ' ' J 


47 


A5 X Ai 


[3, 1^ 1'] 


[3, 3; 12] 


48 


A X Ai 


[3,1=^;1'] 


[5,1; 11 


49 


A5 X Ai 


[3, 3; 12] 


[5,1; 11 


50 


^6 


[IT 


[3, 1^] 


51 


Ae 


[11 


[3,3,1] 


52 


A, 


[1^ 


[5, 11 


53 


Ae 


[IT 
[3, 11 


[7] 


54 


Ae 


[3,3,1] 


55 


Ae 


[3, 11 


[5, 11 


56 


Ae 


[3, 1^] 


[7] 
[5, 11 


57 


A, 


[3,3,1] 


58 


A, 


[3,3,1] 


[7] 


59 


Ae 


[5, 11 


[7] 



Table 2: Current algebras on asymmetric Zjv-orbifold models. and denote the 
left- and right-moving fermion currents on asymmetric orbifold models, respectively. 
Nl and Nr denote the numbers of space-time supercharges from left- and right-moving 
degrees of freedom, respectively. Gl and Gr denote the left- and right-moving remaining 
current algebras on the asymmetric orbifold models, respectively. In the last column, 
the model numbers of the corresponding asymmetric orbifold models are indicated. 



Fl 


Fr 






Ol 


Gr 


models 


S0{8) 


50(8) 


4 


4 


5C/(7) 


SU{7) 


50-53, 
55-59 


SO (8) 


50(8) 


4 


4 


5[/(6) X 5[/(2) 


5[7(6) X 5[7(2) 


44-46, 
48,49 


SO (8) 


50(8) 


4 


4 


5[/(5) X 5[/(3) 


5[7(5) X 5[7(3) 


29-31, 
34-36, 
39,41 
26-28 
22,23 
16-18 

15 

6,7 

2,3 
1 

10 
37 
32,40 
24 
19 
8 
4 

54 
33,42 

47 
20,25 
9,11,38 
5,21 

12 

13 

43 

14 


S0{8) 
S0l8) 
S0{8) 
50(8) 
S0{8) 
S0{8) 
SO (8) 
S0{8) 

sole) 

50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(4) 
50(4) 
50(4) 


50(8) 
50(8) 
50(8) 
50(8) 
50(8) 
50(8) 
50(8) 
50(4) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(6) 
50(4) 
50(4) 
50(4) 
50(4) 
50(4) 
50(4) 
50(2) 
50(4) 
50(4) 
50(2) 


4 
4 
4 
4 
4 
4 
4 
4 













2 

2 


4 
4 
4 
4 
4 
4 
4 
2 






2 
2 
2 
2 
2 
2 
1 
2 

1 


5[/(5) X 5[/(2)2 
5L/(4)2 
5[/(4) X 5[/(3) X 5[/(2) 
5[/(4) X SV{2f 

suisf 

SU{3f X 5[/(2)2 
5C/(3) X 5[/(2)^ 
5[/(3)3 

5[/(5) X [7(1)3 

5[/(5) X U{iy 
5[/(4) X 5[/(2) X U{lf 
SU{4) X 5[/(2) X U{lf 

SU{3f X [7(1)3 
5[/(3) X 5[/(2)2 X [7(1)3 

5[/(5) X [7(1)3 

5[/(5) X [7(1)3 
5[/(4) X 5[/(2) X [7(1)3 
5[7(4) X 5[7(2) X [7(1)3 

5[7(3)2 X [7(1)3 
5[7(3) X 5[7(2)2 X [7(1)3 

5[7(3)2 X [7(1)3 
5[/(3) X 5[/(2) X [7(1)5 

5[7(3) X [7(1)6 
5[7(3) X 5[7(2) X [7(1)5 


5[7(5) X 5[7(2)2 
5[7(4)2 
5[7(4) X 5[7(3) X 5[7(2) 
5[7(4) X 5[7(2)3 

5[7(3)3 
5[7(3)2 X 5[7(2)2 
5[7(3) X SU{2y 
50(8) X 5[7(2) X [7(1)3 
5[7(5) X [7(1)3 
5[7(3)"^ X [7(1)^^ 
5[7(4) X 5[7(2) X [7(1)3 
5[7(3) X 5[/(2)2 X [7(1)3 

5[7(3)2 X [7(1)3 
5[7(3) X 5[7(2)2 X [7(1)3 
5[7(3) X 5[7(2)3 X [7(1)3 
5[7(3) X 5[7(2) X [7(1)5 
5[/(2)5 X [7(1)3 
5[7(2)3 X [7(1)5 
5[7(3) X 5[7(2) X [7(1)5 
5[7(2)3 X [7(1)5 
5[7(3) X [7(1)7 
5[7(3) X 5[/(2) X [7(1)5 
5[7(3) X [7(1)6 
5[7(3) X [7(1)7 



